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ANSWERS TO SOME PROBLEMS ABOUT GRAPH COLORING
TEST GRAPHS
TAKAHIRO MATSUSHITA
Abstract. We prove that a graph whose chromatic number is 2 is a homotopy
test graph. We also prove that there is a graph K with two involutions γ1 and
γ2 such that (K, γ1) is a Stiefel-Whitney test graph, but (K, γ2) is not. These
are answers to some of the problems suggested by Kozlov.
1. Introduction
One of the most remarkable applications of algebraic topology to combinatorics is
Lova´sz’ proof of the Kneser conjecture. In [8], Lova´sz introduced the neighborhood
complex N(G) of a graph G, and showed that the connectivity of N(G) gives a
lower bound for the chromatic number of G.
The Hom complexes of graphs were defined by Lova´sz and were first mainly
investigated by Babson and Kozlov in [1] and [2]. The Hom complex Hom(K2, G)
from the complete graphK2 with 2-vertices to a graph G is homotopy equivalent to
the neighborhood complex N(G) of G. Kozlov introduced the notion of homotopy
and Stiefel-Whitney test graphs in [5]. A test graph is a graph T such that a certain
inequality holds between a topological invariant of Hom(T,G) and the chromatic
number of G. For example, the graph K2 is a homotopy test graph. The conjecture
by Lova´sz states that odd cycles are homotopy test graphs, and this conjecture was
solved by Babson and Kozlov in [2].
In [5] Kozlov suggested a number of problems about test graphs. The purpose
of this paper is to solve two of them:
Problem 1 (Conjecture 6.2.1 of [5]1). Is a graph G with χ(G) = 2 a homotopy
test graph?
Problem 2 (Section 6.1 of [5]). Does there exist a graph K having two different
flipping involutions γ1 and γ2, such that (K, γ1) is a Stiefel-Whitney test graph,
whereas (K, γ2) is not?
The following theorems answer the above problems.
Theorem 3. A graph whose chromatic number is 2 is a homotopy test graph.
Theorem 4. There is a graph K with two involutions γ1 and γ2 such that (K, γ1)
is a Stiefel-Whitney test graph, but (K, γ2) is not.
The following figure describes the graph K and the involutions γ1 and γ2.
1The precise statement of the conjecture of [5] is “Every connected bipartite graph is a homo-
topy test graph”. Here we should consider bipartite graphs as graphs with χ(G) = 2 since graphs
with χ(G) ≤ 1 are clearly not homotopy test graphs.
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Figure 1.
The involution γ1 is the reflection in the horizontal line, and the involution γ2 is
the reflection in the vertical line.
Acknowledgement. The author thanks to Toshitake Kohno for helpful sugges-
tions. He would like to express his gratitude to the referees. Their valuable com-
ments and suggestions made the manuscript much improved and readable. The
author was supported by the Grant-in-Aid for Scientific Research (KAKENHI No.
25-4699) and the Grant-in-Aid for JSPS fellows. This work was supported by the
Program for Leading Graduate Schools, MEXT, Japan.
2. Preliminaries
In this section, we review the definitions and known results about test graphs.
We refer to [5] and [6] for the more concrete introduction to the subject.
A graph is a pair G = (V (G), E(G)) where V (G) is a finite set and E(G)
is a symmetric subset of V (G) × V (G). Hence the graphs considered are finite,
non-directed, have no parallel edges, but may have loops. For graphs G and H ,
a graph homomorphism from G to H is a map f : V (G) → V (H) such that
(f × f)(E(G)) ⊂ E(H). For a non-negative integer n, we write Kn to indicate
the complete graph with n-vertices. Then the chromatic number of a graph G is
formulated as the number
χ(G) = inf{n ≥ 0 | There is a graph homomorphism G→ Kn.}.
In this paper, we assume that the infimum (or the supremum) of the empty set is
+∞ (or −∞, respectively). Thus if G has a loop, then we consider χ(G) = +∞.
Let G and H be graphs. A multi-homomorphism from G to H is a map η :
V (G)→ 2V (H) \{∅} such that for (v, w) ∈ E(G), we have η(v)×η(w) ⊂ E(H). For
two multi-homomorphisms η and η′ from G to H , we write η ≤ η′ if η(v) ⊂ η′(v)
for any v ∈ V (G). The poset of all multi-homomorphisms from G to H with this
ordering is called the Hom complex from G to H , and is denoted by Hom(G,H).
For a graph homomorphism f : T → S, define the order-preserving map f∗ :
Hom(S,G)→ Hom(T,G) by η 7→ η ◦ f .
Note that a graph homomorphism f : G → H can be regarded as a multi-
homomorphism V (G)→ 2V (H) \ {∅}, v 7→ {f(v)}.
An involution of a graph T is a graph homomorphism γ : T → T such that
γ2 = idT . An involution γ of T is flipping if there is a vertex v ∈ V (T ) such that
(v, γ(v)) ∈ E(T ). A pair (G, γ) of a graph G and an involution γ of G is called a
Z2-graph, and if γ is flipping, then the Z2-graph (G, γ) is said to be flipping.
Let X be a free Z2-CW-complex. We write X to indicate the orbit space of X .
Let h(X) denote the number
sup{n ≥ 0 | w1(X)
n 6= 0}
where w1(X) ∈ H1(X ;Z2) denotes the 1st Stiefel-Whitney class of the double cover
X → X.
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Let (T, γ) be a flipping Z2-graph. Then for any loopless graph G, the Hom
complex Hom(T,G) becomes a free Z2-complex with the involution η ↔ η ◦ γ,
(η ∈ Hom(T,G)). A flipping Z2-graph (T, γ) is called a Stiefel-Whitney test graph
2
if the following equality holds for n ≥ χ(T ):
h(Hom(T,Kn)) = n− χ(T ).
Let n be an integer with n ≥ −1. A topological spaceX is said to be n-connected
if for any integer k with −1 ≤ k ≤ n and for any continuous map f : Sk → X ,
there is a continuous map g : Dk+1 → X such that g|Sk = f . Here we regard S
−1
as the empty space and D0 as the one point space. The connectivity of the space
X is the number
conn(X) = sup{n ≥ −1 | X is n-connected.}.
A graph T is called a homotopy test graph if for any graph G, the following in-
equality holds:
χ(G) > conn(Hom(T,G)) + χ(T ).
In this paper, we abbreviate “a homotopy test graph” to “an HT-graph”, and
“a Stiefel-Whitney test graph” to “an SWT-graph.”
In [5] Kozlov showed that if a flipping Z2-graph (T, γ) is an SWT-graph, then
T is an HT-graph. It is clear that a graph having no edges is not an HT-graph.
The first non-trivial graph which is not an HT-graph was discovered by Hoory and
Linial in [4]. Babson and Kozlov showed in [1] that Kn for n ≥ 2 is an SWT-graph
by the involution exchainging 1 and 2 and fixing the other vertices. They also
proved in [2] that odd cycle C2r+1 for r ≥ 1 is an HT-graph. They conjectured that
C2r+1 with the reflection is an SWT-graph. This conjecture was firstly solved by
Schultz in [9], and other proofs are found in [7] and [10].
3. Proof of Theorem 3
Recall that a space Y is called a retract of a space X if there are continuous
maps i : Y → X and r : X → Y such that ri = idY .
Lemma 5. Suppose that a space Y is a retract of a space X. If X is n-connected,
then Y is also n-connected.
Proof. Let i : Y → X and r : X → Y be continuous maps such that ri = idY . Let
k be an integer such that −1 ≤ k ≤ n and f : Sk → Y a continuous map. Since
X is n-connected, the map if : Sk → X can be extended to a continuous map
g : Dk+1 → X . Then the map rg : Dk+1 → Y is an extension of f . Therefore Y is
n-connected. 
Similarly, a graph S is called a retract of a graph T if there are graph homo-
morphisms i : S → T and r : T → S such that ri = idS . In this case, we have
that χ(S) = χ(T ) since there are graph homomorphisms from each of them to the
other. Let G be another graph. Notice that the space Hom(S,G) is also a retract
of the space Hom(T,G). Indeed, we have that i∗r∗ = (ri)∗ = id.
2In [3] another definition of a Stiefel-Whitney test graph is employed. In [3] a graph T is
a “Stiefel-Whitney test graph” if for any graph G, the inequality χ(G) ≥ h(Hom(T,G)) + χ(T )
holds. It is easy to see that our definition implies theirs, but it was not shown that these definitions
are equivalent.
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Lemma 6. Suppose that a graph S is a retract of a graph T . If S is an HT-graph,
then so is T .
Proof. Let G be a graph. Suppose that Hom(T,G) is n-connected. By Lemma 5,
we have that Hom(S,G) is n-connected. Since S is an HT-graph and χ(S) = χ(T ),
we have
χ(G) > n+ χ(S) = n+ χ(T ).
This implies that T is an HT-graph. 
We are now ready to prove Theorem 3. We actually prove the following which
clearly implies Theorem 3.
Theorem 7. Let T be a graph with χ(T ) = n. If T has a subgraph isomorphic to
Kn, then T is an HT-graph.
Proof. By the hypothesis, there are graph homomorphisms i : Kn → T and r :
T → Kn. Note that any graph homomorphism from Kn to Kn is an isomorphism.
Thus we have (ri)−1ri = idKn , and hence Kn is a retract of T . Since Kn is an
HT-graph, it follows from Lemma 6 that T is an HT-graph. 
4. Proof of Theorem 4
We start with the following lemma which allows us to prove that (K, γ1) is an
SWT-graph. This is known, but we give the proof for reader’s convenience.
Proposition 8 (Kozlov, Proposition 6.1.5 of [5]). Let A, B, and C be flipping
Z2-graphs satisfying the following:
(a) A and C are SWT-graphs.
(b) χ(A) = χ(C).
(c) There are Z2-equivariant graph homomorphisms f : A→ B and g : B → C.
Then B is an SWT-graph.
Proof. By the condition (c), we have χ(A) ≤ χ(B) ≤ χ(C). Since χ(A) = χ(C),
we have χ(A) = χ(B) = χ(C). Let n be an integer with n ≥ 2. By the condition
(c), we have that there are Z2-maps Hom(C,G) → Hom(B,G) and Hom(B,G)→
Hom(A,G). This implies
n− χ(C) = h(Hom(C,G)) ≤ h(Hom(B,G) ≤ h(Hom(A,G)) = n− χ(A)
since A and C are SWT-graphs. Hence we have h(Hom(B,G)) = n− χ(B). 
Corollary 9. Let K and γ1 be those described in Section 1. Then the flipping
Z2-graph (K, γ1) is an SWT-graph.
The graph homomorphism f .
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Proof. Here we regard K as the Z2-graph by the involution γ1. Then there are
Z2-equivariant graph homomorphisms C5 → K and K → C5. Since C5 with the
reflection is an SWT-graph, we have that (K, γ1) is an SWT-graph by Proposition
8. 
Therefore, for the proof of Theorem 4, it suffices to prove the following.
Proposition 10. The flipping Z2-graph (K, γ2) is not an SWT-graph.
Proof. Here we regard K as a Z2-graph with the involution γ2. Let f : K → K3
be the graph homomorphism described in Figure 2. It is enough to show that f
and f ◦ γ2 belong the same connected component of Hom(K,K3). In fact, if f and
f ◦ γ2 are contained in the same connected component, there is a Z2-equivariant
map from S1 to Hom(K,K3), and hence w1(Hom(K,K3)) 6= 0. This implies that
(K, γ2) is not an SWT-graph.
Consider the following condition for graph homomorphisms ϕ, ψ : K → K3.
(∗) There is a vertex x of K such that ϕ(v) = ψ(v) for any v ∈ V (K) \ {x}.
If the pair of graph homomorphisms ϕ, ψ satisfies the condition (∗), then the map
η : V (K)→ 2V (K3) \ {∅} defined by η(v) = {ϕ(v), ψ(v)} is a multi-homomorphism
such that ϕ ≤ η and ψ ≤ η, and hence ϕ and ψ belong to the same connected
component. Since the front and back of each arrow in Figure 3 satisfy the condition
(∗), f and f ◦ γ2 belong to the same connected component of Hom(K,K3). 
Remark 11. Here we write SWT′-graphs to mean Stiefel-Whitney test graphs in the
sense of [3] (see Section 2). Since h(Hom(K,K3)) ≥ 1, the Z2-graph (K, γ2) is not
an SWT′-graph. On the other hand (K, γ1) is an SWT
′-graph since SWT-graphs
are SWT′-graphs. Hence even if we replace the definition of Stiefel-Whitney test
graphs of Theorem 4, the assertion is also true.
As was mentioned in Section 2, if the flipping Z2-graph (T, γ) is an SWT-graph,
then T is an HT-graph. We assert that the converse does not hold.
Corollary 12. There is a flipping Z2-graph (T, γ) such that T is an HT-graph but
(T, γ) is not an SWT-graph.
Proof. Let K, γ1, γ2 be those of Theorem 4. Then since (K, γ1) is an SWT-graph,
K is an HT-graph. But (K, γ2) is not an SWT-graph. 
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